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ABSTRACT

The quantum theory of thermalization states that a thermalizing systems wavefunction
reduces to the density matrix given by statistical mechanics when restricted to a spatially local
subsystem. With current quantum technologies, while measuring properties on this subsystem, we
may also obtain information on the complementary subsystem concurrently. With this additional
information, one finds that the subsystem thermalization behaves in a way beyond the paradigm
of traditional thermalization, giving rise to a phenomenon dubbed “deep thermalization™. Deep
thermalization can be formulated with the concepts of projected ensembles and k-designs
borrowed from quantum information theory. Projected ensembles refer to the quantum state
ensembles formed by performing projective measurements on a subset of the given system under
a fixed basis. Deep thermalization means that this projected ensemble has the same k-th
statistical moment as the Haar ensemble, forming the so-called k-design. It is shown that deep
thermalization exists in a wide range of systems of theoretical and practical interest. In particular, a
generic chaotic quantum many-body system shall be deep-thermalizing. The theory of deep
thermalization also has deep connections with the concepts of dual unitarity and dynamical
purification in quantum dynamics. Given that random state (or unitary) ensembles are widely used
in quantum technologies and circuit-based quantum dynamics, the idea of deep thermalization and
projected ensembles has the potential to offer many new insights in this field. In this
manuscript, I will provide a brief introduction to the phenomena of deep thermalization and

related theories. I will also offer two examples of its application to realistic quantum systems.
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R h BATCE G VE IR B S A 40 FSE R, X — “RMR” ROTEE,
RGN 2.4 b P, AESEBRTFRAISEIG b, RATRES I T AL R T 3, SRR SRR
FER SO M BLRORE R R/, BRI B ATTHE AR I B R SCR B G5 1R T X ek ) 3R B

N T WRAER AL R NS T SEBr i) R G0 & X, Cotler 55 [4] BU T AT 2HLE TR
TR RIS B, WRET Ising B, BENLERITRIAY, DLRRHI7E — DX FRIE T2
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1o o8 T ga i — S EAREK . TR SEBLAR EERE 15, Ho A1 Choil6] % RE T 4KX3) Tsing
R, — A REIE R ORI, FHIERT T — N EAR S 22 i 12 R I (8] 35 Ak
R ATFRBNEREEBDI AP . WKE) Ising BALZ —A Floquet FIBER, HA /KA
e Al — AN EBE 1/2 KPR . KEN N B—4i8E, H Floquet XIS

Up = Upe”MemsT (31)
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N-1 N
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i=1 i=1
NN Tsing BRI E R, by M by AR T HETHEIT G, &
Dy A I SR N IS ZHAS M R 42 (0 R L5 5

Uy, = exp l—ihz af’] (33)

=1

SR A S — A e AR . UKEN Tsing A5 7 AT DAAIL N AE B e B 42 T s 2 i i
Higing VEACIIIERE b, BERGIITR] 7 S48 5 B RS2 28— N5 y 7 IR e R 3) .
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Bl 2(b) KRR, Ur A HIE LT LIS R E 2(c) FIEF2E.

Ho 1 Choi WERA T, I —MR5 2 HARIAS 285 — B [a) i s [R] v 4 5 18 21 1 5 7
RGBT 2 RAERBERA . W 2(d) Pos, BIE—MIE [+)eN, Hd [+) = 55(10)+[1)),
0) A1 |1) 3 ol2 EBE 2 A R AIE] B0 L AAERS . M Up FHGEL ¢ N, ERET4
P RMATUN K EMSE ¢ EE. X THGRME, BRAH N A M B RS, X
T &4 B LR BIEE 2 T HNE, /53— 2p = {2p,)i=1,...,Npg}. W
BAE EA ARG A RS A% (0 ) E AR 320 X I PRl A2 43 2R 4 R R L I R K | (z2) ) -

E BIIR BE Bl 1 R A T ZEH B3R BN Tsing BB — AN S BT 0HE L IEPE. BARCk
Ui, FEXF IR Ising 54 0 5 N oK B 2% fe, I 1) 0223 8] P AN 77 ) B 2 25 17 JEE 2 i e 3
fEskEM L, REHRINEEEMN. T, AT LSRR I 18] 77 7] B4 OB AR RS
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BVERSRE MY . — R UL, — A KRR EE AL T N R e 22— E L IR
R, EFHE 2(e) ARk &ML R, ST IX—45 xS R50 Ising A8, FATK
W, B XHE S BTk X AT AR R — AN B 2(F) B B9 K IE R TRl A, 3% — 4o B
PR Z B
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Bg ez RFBUREMMIMETIERE, B0 437,
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RIREIBIN
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R i X IR ST T LU E UM T TT3R M (c) YR58 Ising BRI HY I [A] 35 1L
AL E TR (d) W3 Ising SRR AR AR T (e) i sl Ab B B BF Al
AEATECS s (f) M —2H A T I E T2t . A IE [6].

i 2(d) Fros I AR AE I — S XHEL A N IA — M R RR . i 2(f) R, &

AR, [P(2p)) FTURDNHI R ILREA R —MIE ) WTKEM%RAIA, 2
Np JZLIER “BHA)7 HPU (25,), FMA—DNKIERZS W, BAEH |)(zp)).
B b, ARG [a(zp.)) o W TS Ulzp.)|+)® . Ho fl Choi WEW T M 4EHE: (—)
M N BRI, TIN2 Ulzp,) *F {25} BINASET A Haar R%: () 24k
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et —A 28 4EA KA R A IA] B Haar BEALIME, W K HAR A 2N 4EA /R (0823 8]
(1) Haar FEHLIFAE, MM [a(zp.)) FEK Haar 245, 7RI FRIEM & #A A® =0, K
A2 58 A R FE A o

R TR R BN EEN . iR A 7T g Ty, BRI, E
W U{zp.}) = T[22 U(zp,) =2 Haar ELHLEI"J, B TR E XN TR b B K k-
wWite XFE—LEM T, W THAE XL H* EMET X, U({zp.}) X HAEH R
Haar R ZE0 HAERZAHFE M, Hrb “UEH” AERLHIEH X — USFX (UT)®ko M
S U )) = TL Sy o Uleis)s TR

S Uz )X Uz 1)) = (T0) 7 [X) (34)
o
T® [ X Z U(2)®X (U(2)1)*" (35)

A (34) 2 —ALAMEWS R IR, B, 2 Np R KR, IEAREERM AT T
() d KARFAE (B AR AE 725 () N o 1E— 2D AT DAER, 5 R RFAE AR B A B B I RHAEAE,  HL
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—HFIE T A A A T B A Haar AR#0R AR, IXHUEM T1E Np 288K U({25.4})
E’J/;ﬁ%éé"tﬂ — Haar FEHLAI Ao ARG IR ST [6] FIME SR>, BLAR MRS

HL b, R—AERARIRTIKS) Ising B, ﬁﬁ%ﬁ*%ﬁﬂﬁﬁ%’é@ﬁfﬁﬁ@%?éﬂ%
BERIPE ] [7, 8] BARRUL, B — MR A B RXE X IR, HH RO % i —5E
PEIR (Tppoliti SREX — 25 FEFRA DU, T =4 285 I 8] 5 1 (R34 J= 5 ¢ did 1 R 4t
A IR Ny B, 7RG Na Bt KRR

4.3 REAUMK LI ZFHE

T E—T IR R, FATIRE TR — ANt TREEBL R A R R G AL ] ¢
KFTFRG Na kb, FH, ERFIX RN, ROTEEHERT Np o +oo I
SRR, AEE] A R S —RRIR G, RV R A ORI ¢ A TR IR N
HIRK, FEERALRET R MR AW Rl Np 956 R 0072

it T R— AN, Tppoliti ZE7ERF SO 8 4 IE R H, KRG ¢ = Ny B, 7
HH A® FEN SR T, ARRATE MR e, FEE L b BFN AG < e (1)
“RGTR k- BT, BAXT DU+ RAH ty = Navk. RZ, FAWE
DU+ 5%, HMEHAAERERAIR, WAt IR kA b AROEL. X0%
WE ) FIHESS: Tppoliti 1 Ho 75 [16] *hgiE T — AN DU+ S i 7 AR,
IEH T iR R IR, {H ¢, BE o 3.

WEFH AR, B R AT R SO, A Haar RZERBEHLEEE— AN
B, BEBRBAS. HEAR (29), HEK |[p® — o) |1 KT e MMENT 6, M
ﬁ

1 1
Np > 4kN4 + 2log— + loglog 5 + O(log N4) (36)
€

FITLECN Frobenius Y3, W 4kN4 80N 2kN 4o XA T Np HIFTH K/A—
NI Np = O(kNa)o

BAVEEXN S — M ER R0 ERBIN THRKK N, B RETFHEN
MNEORARM, T Haar REFRELN, FIZFHZRMBREIRZE. E500H% D, HRm
gt T AR R o, XTHHEAT M ORREE 2, EX T =550 o NIX M K
KREGRM T, WA Vars = B [(7 - B)’| = Yz, T4 |7 Bal ~ 5. 5000,
8 Haar REFTFENER M MR EHK—DMHRRLE, TR —ARRL, MiZf
AR ~ M2, b M =2V, TR A® ~2-Ns/2, ez |, 41 8E Frobenius 6%, W
AT HO A5 )

k d+k—1)
AP = \/M ( 1|k,1> (37)
SIS0 431, R M =2V d =2V, H 2¥aNs >k, o AP ~
23 (kNa=N5)  PIX BLRATEREH AP — 0 ER Ng > O(kN,4)-

FAEW S SR, M Haar RGP EH R 285080 AW R EirT
(37). FHMEHYL, RXEREBY RGP “H&AN” 1, Y5 Haar REHWZE LT 2
ok A T HKRPMARYE. Cotler &5 [4] BHUE T 1 H W AR WU W AEDS . A

TOIX B I MALRER Ry A A S, RIS ARSI I AR .
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35 Mg RN AL A B A TR R B R, 0 A®) SRR BB RS AL 2 Ve /2 3
IRH P

Ho A1 Choi[6] LERF T HLHIiE IBRSN Tsing AT IR HE T ik — 8. HH /BT R,
TELRIE RS AT I OB, $00 R R M B RSB B S R 1 Haar 4558 AR, B
A A MIBEE Ny S5BRIP4 215 40 R R TR T LA R, X —f e
VAT SRS RIE T (AR AT (R 96 B2 50 5 A 4 A (8 R 450009
1= A, W A® BAZRZEIE (1— A)Ne SE. EX—HR B, \ S T2
W g, TTE g€ 2T W, 28 A0, TREEHLISEERA.

4.3.1 Haar REHRFE AW XKJIHHES

FEAAT, A4 (37) WIS . 48 Frobenius M | A|lr = VirATA. #Fi%
L MR X, A

E|X —EX|% = ttE(XT —EX")(X ~EX) = Etr X' X ~EXTEX = E||X|% — [|[EX||% (38)

B Haar RZARRILEI M A (vl =1,..., M} ic p®™ = (lv) (:)®*, M
A*ﬁﬁ%%%%k%ﬁﬁﬁm4fMsz,o@%ﬁﬁE%{—%Q,D%%ﬁﬁ
R pW)12 . BATEREFI 2 L

k k
MHFWZMMW} (39)

i,5=1

BABCHRAET o RIKRHTE. EBmE Tt [6000] = (),
M2,
Emﬁm—]=+ﬁ—1)ﬁmmwwk (40)
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. dA
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M
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EHT REAUSHNFAEN

MEE 42 BLE Y, I —S 0B BRI IRt T — R e AL A . AT
—BHEINTR A, IR RN AT, RS AR LIRS S Bl s il
PGAHEZH MR

5.1 BhHIFALHIEER

“ENJIFA” RAFXIERGPAAER M IR, RS R H Gullans M
Huse[17] $&H . FBRUL, ZMRIEHIRIF L LNl Rk~ MNRBESA A, |
“aifk” . BB RGHEEIERE p k. WREERERAER p = [¥) (W, W p ZlE
MR — AR [¢)o T—BOKRE, p AREEN—NEHRERIEN. i, EH=ZWADAFE
RIS o) A1 (@) VL—EMEARIE FEAHIR, 13 BIRE EEAERENZ p = pylv) (V] + peld) (0], XZ]
32— MR A

—NEEAERER CAiRET — B RS . ANERAE TRE G T BB T
R —HE —Br Renyi 242885, & XN

S = —Intrp? (47)

XTAigs, BN ERT, MOH &M trp = 1 481 trp? = 1, TRRAZENRS
S =0, Rz, REBMER—BKTE T —NEEN d OAERAARETE, 7 “&KR
BEE” pmax = 2id, HAYGER Spax = Ind. TN, MRS, RGUBHEITAR,
RZ, MPTRGERK, RGH R .

T RS AU A AR I (R AGE FR R AR . KRR A p(t) = U(t)pU (1)t 45
t, i Ut) =N KX EMELERS . BHKI, trpt)? = trp?, IWIMTAZERTE L IR
AL T RAZR . XERE, KIENEEAASE N RENAL. R RGITA
WA, WIENEIE AL, MBIHR RS, SR “FRERERGH”
R,

MRERGHGINELIENE, ERGIEATRSL —FH WEIE X IEVERDZ &7
B —fOkUL, MESIESIAE BT X TR S oL, BRI R A w
B O, MEENARIEE N, WRGBIRIPIEER] X X BN AMES . anRZAMEE AR IR,
MIAIERS ZME—1, TRERRERVIZWM G2 NRE), WEERFEHMA T %A
A (A . B, WEE DEERESENONAS . —Boku, WR—ANME RIEHESR
GiH)— 8oy b, MIETCIER RGeS, BRRIRAT DUR s LAl .

Gullans F1 Huse % [& 7 —/Mr A ML & T2, HAR K 3pR. £
— ML N, RGH—E Clifford &1 1"ERRE X IEEL, BEE, &4 8#8a
—EME p BE. S REVIEN AR KRGS, W BUE I EEI R G 5L,
ATELRIL: AAE—A p IR FHE pe, 2 p FEIGFE LU, 2ol — B ] i, REH
M ZERG A E B —MAT p BME, HAEZME L 2/DYERF O(eh) HIRFE: 24 p £EIm FH{E B
by, Gk~ i, RGBS, EEAR] L2 — A, Xl
FEPTIRT “B IR o X —IRBRRA B AR, p NTHRT pe 73l
R S AR AT . IR E X ARG GER AL R LT 8% (R o(L) K/ BRI 4l
YRIFTA CNOT 1. Hadamard [ IR HFHET RV R S, S0 18],
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K 3: sl A ) — AN E TR . RS AR ABENL Clifford 7171, AR
MBIRIE Z BIETFH—NE, LB e—KBE LUNMEE p FE—NXFENNE. B
FECE [17].

LI ¢, WO AZESALAITA , < O(nL), TERGHTE t, = O(eh), 15 H Mk Al
EA t, = poly(L)'®. X T Ak L IER Ml T RS A (b i — B

5.2 RENNFAENIERRE AL
5.2.1 B—=XMETHENFAEN
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WER R B T2k, IR ZRBR ARV IR R A IR — S0 Al e — ok, BIME — > RGeS [a]
AR LR, R — 0 AR DR X IER . BRI, A SR FRATTE RO (5 2K % 1 I (8] 35
e BRI E 2 (007 [ ) “IAE ), HoR2oxt N — MR L IR B 74k X T2 4
RREUE TS R, —BORYE, WER ISR M A R KRR, WL — 20 2 b A
2SS R BRI S A, B LA I TR AR B B . R, G R R A
XHETIIRAE X IER, WA RE T e A RAEAEM B 152tk SE ai e a2 55
K.

5.2.2 HNFAUSRERNK

MM E—T 10458, BATRT CLREAR I PR BE I R — et it . JAT5 B — A
A R B PES R —4E R G, HAEXS B BEATSRGL IR S M R — MR R . AT —
AR B 7008 By M By MERSY, Hb By IR ro # B LRI Rz R0 8 ILAE By

B poly(L) K& L 1% T EEL.

19 5 R LA R A6 M T3 0 Sl i — ML B . — R, R F — M AR TR, A% 8L
BN 1R R — AR 8] T — MR A, (7ESEsh, S — MR A AR, B, 5 — R4 B
STFROVEEABI0LROMEN L, Hof o MRS, B, WRAKPEE N AR, BNEEL oY K
S A REIA A S TRATRI BB — S ST, i SR ROK IS TP 52 R T2

204t MR AG— 2 — VP LRI T TR AR ARATIE 2 I (75 R T DS R I Tk, 181 3P p B 2
— AT e
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(@) W) Zq Z2

A

— 1,121,2IIIIIZL;/ZZI1IIIIIIII
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B 4 SR SIREE R (a) RGURER, HrpdE— B R B AR — Xl L IR R
THRFRETT, I RUER = AR A R R ER L £ |2) b (b) MBhJiaE4life
HURIR AR T L 5 8 AR, Fr A A A R A RIS AR R, X L e e
A OO N ER TR, BT [8] P& .

M By BHIEESY 21 M 2o, B BEERECH {(p(21,22), |Va 2,))}> WKL 4(a) Pos. A
AT RAN:

tr (p(k))2 2i (E tr (pZI))Q)Ic (48)

ﬁ¢¢?—zhm@mﬂwmmwhaﬁkalﬁm,%szﬁQMkMﬁ,ﬁ

R E, o =5, plz)pf) = p®. E%ﬁu@?)%ﬁ?ﬁﬁﬁ@é?%%ﬁ,ﬁ

tr (p0)? HAET p®) fy “HLRE” . SUEBBIBR k- ERER KRS, KRR (48) 1

DURREBRAR: U0 A% REEM A ST 08w, WITEEE T R 5% 7y I F 235 5 S G 3

SIVERLZIME E s B, W ol BCEIALREIR B, U IR R R A S I N R
(48) HIMES AL ELHER, TEBIANTTE [8] f9 TV.A 5AIRSE D thedih.

8 ) I, HAR T U By BRI B B R B A, R
TLRE R T A(b) B WL pb) AE IR I —2 B A A B 3 R R By
IHILREETE By Al By HIZE AN A B DR A IV pus WG ZAZE By 340 0
— MBI, T A B LR o). BT A MARGIE, XK
AWML, WA KR Z 5 M By Mt E] A A ALEAR Y. I (5.2.1) T
i, By B S% H—NEAAINE SR AL (8], X RIMIALLR &, R R R 2t
U TR AR, X EL) RN SEBRRIZ A AL RS
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FEER L. PTUMRIX &, ~ 28, FHidr v, FRORSAIEE
FIH T 2R B A G T B S o oek8 [20, 21] AT AE—2DAERE, 18 B, MK » K
i, i RA TR
S(r) = —logy By, tx (pfl)” ~ e 27/ (49)
LK (48) IXE N

—Intr (p%)* < 2(kS(r) + 1) (50)
E—AGELD AU T A r WAL R (49), X r BUMESRHEZE r, 155

In2_  2ek
—In —
2 &
e 2 K )2
R = ol < ol WA (M) < (14 A (pli,) = 1+
) gt T, RGUEM eIl k- Bt BB

—Intr (p(k))2 <&

(2Na + |k —1)! 5 In2 2ek
MITIRATAT DA AN R GBI & BB, k-t a6 fF: xf B aQUIBOK & ARFR,

FAIH Na TRRK, 152

In

o> Na (53)
Up
MNIX—TFIEGE N “aAifbilfE” X— 2= . fENME, XTTFEg L,
BHRAMILER: RABIUEGERALIIB R EE N
_Na

t = (54)
VE

Hrb v BROMMGEE R [22]. Bk, (53) HIFERAT: RGKERERMR “HE” /I
SEAMERE v,o BT, WH v, <vp, BLRE te > t1, IR A IIES ] R T 4%
G I R R s ez, JUIR FE Rk iR I (8] ROBE A 7] e 56 T4 e L IR I R RUBE . g8
b, BRI RN [16], FASRAELE to >t HIRETRY,
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BT RERLAINA

6.1 RNEFHRREE

RIEERETEMP R — PN EEM S, EflE—NRETERRN, AT R5EE
FAAEME R NIRZE, A5 SEPr ] & 45 B A S IFAN S A58 T RATHI 46 10 H AR . R EAT /1 % 1
bR —ADEEE ), KPR g Rl g2 — MRS, —BoRU A U — >3 BEAERE p
HRtiid . TA1E XRGHIRESE N

F = (¢[pl) (55)

BHEHRO<SF <1, HF=1X%H{Yp= )|, WH&EETLEBISR T HI5
Ao MR, F B 1, RREES BRI,

P —NEEMLR RS, Wil s AR R — AN EE A, XK RATAT AT
2 RKIU R IXAS R GeH 4 H IS . Choi 254 H, AT AR FAE — MR &R A il 2 LR B A
L Z KA E X — ARG R ESE, HAE—A Rydberg JE T2 F 4 FIGAE 17X —F g [9].

Choi %% &8 1 & 7] LM Ay — A —4E 1) H et Rydberg 54t 1) 5 % 1l
BEIXANEE LA — AR A R 411 R, T8 A Ead B
R T P B TR) S8 A0 5 20 HE R A R GFII N R AR IR FE VLI % . HESIHL, AT F R 45
A BUN— A IIBIRE LSS0, B REGMIZG H A WA RAAFE 2 ) L —
A Haar BEML fi. FeilHh, % A WA RAAORE S RI4EECH Dy, BUS R —H AR IR Ny
{lza)lza = 0,...,Da — 1}o FRATHIE p(ea = 0lz5) = [(Yalzp)|za = 0)]*, HIZ [a(zp))
TEIX—HARMERE TS — MR BT . FHZERE p(za = 025) X 25 FIEER 044,
IR R, XM T |(Y]2a = 0)2 IX—BENLZRLE |¢) /& Haar BEALA R 1R
I3 Ao RIX A R ECA

Pz (P(24 = 0|zp) = q) =: P(q) (56)
KHELL 431 ST, A

P(q) = (Da—1)(1 - ¢q)"*7? (57)

BAHES I 6119, WRAH BN 2, HEHE A LOALBIIERE, WL
IR pa = pid, TR

Pw)=5<q—Li> (58)

S b, BNARGRREERLF, SIS RIZEZIE T (57): R, WMRRG M
RK, ERTEBMT, £ A R LATHRNE K2 “id” HEhT 2p 458, T&%
e RPZHERGE T (58).

SIS LG RN 5FN . TEVEALIT VRS, WIS BB A T IR AN R, T2 P(g)
RIS Haar BISMTORIENT; BEACKS GRS, B 2 B s R AT, 115 P(g)
A (58) & REad. MWHhBRATATLLE H: P RS Haar BASIM 2 AT DLEAEIX — RS0
FEIIRAN, TREPERITRE

Choi &2 T~ A=
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(a) D=2 D=3 D=5
== -E’ — Clean model
- — - Error model
’E 1\ — Haar random
& £ Y
N —_—
e
:«: q
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P(p) P(p) P(p)
K 5. Choi X7 P PREH LG & 5HF e, B BAstd ) Haar REEEEHR (0
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